A characterization of fuzzy compactifications  by Martin, Harold W
JOURNAL OF MATHEMATlCAL ANALYSIS AND APPLICATIONS 133, 404410 (1988) 
A Characterization of Fuzzy Compactifications 
HAROLD W. MARTIN 
Northern Michigan University, Marquette, Michigan 49855 
Submitted by L. A. Zadeh 
Received July 23, 1985 
It is shown that if X is a fuzzy T-,-space, then X has a fuzzy T,-compactification if
and only if X is a weakly induced ultra completely regular space. Also, for an 
arbitrary fuzzy topological space, a characterization is given of the set of all ultra 
fuzzy compactilications. 0 1988 Academic Press, Inc 
1. INTRODUCTION 
The purpose of this paper is to show that if X is a fuzzy T,-space, then X 
has a fuzzy T2 compactification if and only if X is a weakly induced ultra 
completely regular space and also to characterize the set of all ultra fuzzy 
compactifications of a fuzzy topological space. This latter result is 
especially significant since every ultra fuzzy compact space is fuzzy compact 
and since in the class of either T, spaces or weakly induced spaces the set 
of all ultra fuzzy compact spaces coincides with the set of all fuzzy compact 
spaces. The results in this paper were first announced in [S] and represent 
natural extensions of theorems in [6, 71. 
2. ULTRA PROPERTIES 
We let 1.s.c. stand for lower semi-continuous and we let I denote the 
closed unit interval with the usual topology. If (X, I;) is a fuzzy topological 
space, then following R. Lowen in [3], let r(F) denote the smallest 
topology for X which makes every member of F a 1.s.c. map into I. A fuzzy 
toplogical space (X, F) is said to be ultra fuzzy compact if (X, z(F)) is com- 
pact [3,4]. A fuzzy space (X, F) is ultra Hausdorff (ultra completely 
regular, etc.) if (X, z(F)) is Hausdorff (completely regular, etc.). 
The functor E is a powerful tool for the study of fuzzy compactilications. 
We want to find fuzzy compactifications for a fuzzy space (X, F). The 
problem is passed into topology via the functor t. For any topological com- 
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pactification (EC, T) of the topological space (X, z(F)) we will, using 
(EC, T), define a fuzzy compact space (BX, FT) which turns out to be a 
fuzzy compactification of the original fuzzy space (X, F). If (BX, T) is the 
Stone-Tech or Wallman compactilkation of (X, i(F)), then (BX, FT) has 
the categorical properties necessary for it to be the fuzzy Stone-Tech com- 
pactification of (X, F). The proofs of these and other facts may be found in 
[6,7]. The definition of F, will be given below. 
Before discussing fuzzy compactilications further we need the notions of 
denseness and ultra denseness for fuzzy spaces. 
Let (X, F) denote a fuzzy space. If SC X, let us denote the characteristic 
function of S, that is, us is 1 on S and 0 on X- S. If f is a fuzzy set on X, 
let cl&) denote the fuzzy closure off, that is, the intersection of all fuzzy 
closed sets which contain f: A fuzzy set f on X is dense in (X, F) provided 
that clF(f) = uX. If (Y, H) is a fuzzy subspace of (X, F), then (Y, H) is 
dense in (X, F) provided that u y is dense in (X, F). 
A fuzzy set f is ultra dense in (X, F) provided that whenever 0 < a < 1, 
then the set f - ‘[(a, 1 ] ] is dense in the topological space (X, z(F)). A fuzzy 
subspace ( Y, H) of (X, F) is ultra dense in (X, F) if u ,, is ultra dense. 
If (X, T) is a topological space, then w(T) is the fuzzy topology on X 
consisting of all the 1.s.c. maps from (X, T) into I. The functor o was 
introduced by R. Lowen in [2] and, independently, also used by 
M. D. Weiss in [lo]. 
A fuzzy space (X, F) is said to be topologically generated or induced 
provided that F = o( I( F)). 
In [6] it is shown that a fuzzy set f is ultra dense in (X, F) if and only if 
f is dense in the induced space (X, w(l(F))). Also, it is shown that if a fuzzy 
set f is ultra dense in (X, F), then f is dense in (x, F), but not conversely. 
We now define the fuzzy topologies F,. 
Let (X, F) be a fuzzy space and let (BX, T) be any topological space 
which contains (X, t(F)) as a subspace. We define a fuzzy collection F, on 
BX by F, = { g : g is a 1.s.c. map from (SX, T) into Z such that g ( X belongs 
to F}, where g 1 X denotes the restriction of g to the set X. It was shown in 
[6] that F, is a fuzzy topology on SX, which we call the full fuzzy 
topology on BX induced by T. 
The following fundamental theorem, whose proof may be found in [6], 
will be extended in Section 3. 
2.1. THEOREM. Let (A’, F) be an arbitrary fuzzy topological space and 
(BX, T) be any compact topological space which contains (X, t(F)) as a dense 
subspace. Then (BX, FT) is an ultra compact fuzzy space and (X, F) is 
an ultra dense fuzzy subspace of (BX, FT). In addition, zf (BX, T) is 
the Stone-tech or Wallman compactzfication of (X, i(F)) and tf 
g: (X, F) -P (Y, H) is any fuzzy continuous map from (X, F) into an ultra 
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compact, ultra Hausdorff fuzzy space (Y, H), then there exists a fuzzy 
continuous map g: (BX, F*) -+ ( Y, H) such that g = g 1 X. 
3. ALL ULTRA FUZZY COMPACTIFICATIONS 
Theorem 2.1 yields a large class of ultra fuzzy compactifications for a 
given fuzzy space, but it does not account for all compactifications, as the 
following example shows. 
3.1. EXAMPLE. Let X denote the set of all real numbers x such that 
0 <x< 1. Let F denote the set of all 1s.~. maps from X (with its usual 
topology) into I. Then (X, F) is a noncompact fuzzy topological space. Let 
(BX, T) denote the closed unit ‘interval with its usual topology. Then 
(BX, T) is a compactification of (X, z(F)). Let I;,= {f: f is a 1.s.c. map 
from (BX, T) into I}. Given geF, let g*=sup{f:fEFr and flX=g). 
Also let H= {g*: g E F}. Both of the fuzzy spaces (BX, H) and (BX, Fr) 
are ultra fuzzy compactilications of (X, F). The space (BX, I;=) is a com- 
pactilication of the kind described by Theorem 2.1 while (BX, H) is an 
ultra fuzzy compactification which is not accounted for by Theorem 2.1. 
Note that H c F,. 
Example 3.1 suggests that the class of all compactifications of (X, F) of 
the form (BX, F,), as given in Theorem 2.1, may methodically be extended 
by considering for each compactilication (BX, FT) the set of all fuzzy 
topologies H on BX such that H c F, and such that (X, F) is a dense sub- 
space of (BX, H). Since H c F,, the space (BX, H) is the fuzzy continuous 
image of (BX, FT), hence (BX, H) is ultra fuzzy compact and therefore is 
also a fuzzy compactification of (X, F). In fact, the compatilications of 
Theorem 2.1 together with these new compactilications are the only ultra 
fuzzy compactitications of the space (X, F). This is the main result of the 
paper and the content of the following theorem which characterizes the set 
of all ultra fuzzy compactifications of a given fuzzy topological space. 
3.2. THEOREM. Let (BX, H) be an arbitrary ultra fuzzy compacttfkation 
of the fuzzy topological space (X, F). Then (X, F) is ultra dense in (BX, H). 
Also, there exists a topology T on BX such that (BX, T) is a compac- 
tzfkation of (X, z(F)) and such that H c F,, where F, is the full fuzzy 
topology on BX induced by the topology T. 
Proof: Let (BX, H) be an ultra fuzzy compactification of the fuzzy 
space (X, F) and let T= z(H). 
FUZZY COMPACTIFICATIONS 407 
We have to show that (BX, T) is a compactilication of the topological 
space (X, r(F)). We will first show that (X, l(F)) is a subspace of (BX, T). 
Let G be an open set in (BX, T) and let Y = Xn G. To show that V is 
openin (X,1(F)), let x~l/. ChoosefcHsuch that xef-‘[(a, l]]cGfor 
some real number a. Let g = Sj X. Then g is an element of F since (X, F) is 
a subspace of (BX, H). Since x E g ~ ’ [(a, 1 ]] c I’, it follows that V is open 
in (X, E(F)). 
Conversly, let W be open in (X, l(F)). For each x in W, choose f, in F 
and a real number a, such that the set f;‘[(a,, l]] both contains the 
point x and is a subset of W. Then, 
w= u {f;l[(a,, l]]: XE w>. 
For each x in W, let fx be a member of H such that fx ( X =f,. Define a set 
W* by 
w* = u {f;l[(a,, l]]: XE w}. 
Then W* is open in (BX, T) and W= W* n X, completing the argument 
that (X, r(F)) is a subspace of (X, T). 
We will now show that (X, F) is ultra dense in (BX, H). By hypothesis 
(X, F) is dense in the fuzzy space (BX, H). Enlarging the fuzzy topology H 
does not change the fact that (X, F) is dense, that is, (X, F) is dense in 
(BX, w(l(H))). By Theorem 2.2 of [6], the characteristic function ux is 
ultra dense in (SX, H) if and only if (X, F) is dense in (BX, o( l( H))). Thus, 
ux is ultra dense in (BX, H), that is, the fuzzy space (X, F) is ultra dense in 
(BX H). 
Since (X, F) is ultra dense in (BX, H), by definition the set X is dense in 
the topological space (BX, T), completing the argument that (BX, T) is a 
compactification of (X, r(F)). 
It remains only to show that Hc F,. We have already shown that 
(X, l(F)) is a subspace of (BX, T). It follows that if fe H, then f is 1.s.c. 
relative to the space (BX, T) and fl X is 1.s.c. relative to (X, z(F)). But then 
fe F,, completing the proof. 
4. T2 AND WEAKLY INDUCED SPACES 
If F is a fuzzy topology on a set X, let I;, denote the zero-one valued 
members of F, that is, the characteristic maps in F. Then F, is also a fuzzy 
topology on X. Let F,* = {A : A c X and uA E F,}, where uA is the charac- 
teristic map for the set A. 
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Note that (X, F) is an induced space exactly when F is the set of all 1.s.c. 
maps from (X, F,*) into I. 
4.1. DEFINITION. A fuzzy space (X, F) is weakly induced provided that 
whenever gE F, then g: (X, F:) + I is a 1.s.c. map. 
Weakly induced spaces play a central role in the theory of compactness 
of fuzzy topological spaces and coincide with Cerruti’s category A, [ 11. In 
[7] it was shown that every fuzzy compact Hausdorff space is weakly 
induced. Pu and Liu introduced the idea of a T,-space in terms of their Q- 
neighborhood systems [9]. Every fuzzy Hausdorff space is T,, but not 
conversely. In this section we will show that the theorem just stated 
remains true for T,-spaces, namely, that every fuzzy compact T,-space is 
weakly induced. We will also show that if X in any fuzzy T,-space, then X 
has a fuzzy compactilication if and only if X is weakly induced. 
Recall the following concepts from [9]. 
Let (X, F) be a fuzzy space. Let XE X and A be a real number with 
0 < 1 d 1. Then the fuzzy point xi. is the map from X into I which is 
everywhere zero except at x, where x;.(x) = %: 
If f is a fuzzy set in X, then suppf is the set {x:f(x) >O}. 
If A is a fuzzy set in X and xI is a fuzzy point, then xj, is quasi- 
coincident with A, denoted by xi, q A, if and only if A+ A(X) > 1. 
4.2. DEFINITION. A fuzzy set A in (X, F) is called a Q-neighborhood of 
x1 if and only if there exists BE F such that x1 q B and B < A. 
4.3. DEFINITION. A fuzzy space (X, F) is a T,-space if and only if for 
any two fuzzy points e and d satisfying supp e # supp d, there exist 
Q-neighborhoods B and C of e and d such that B A C = 0. 
Theorem 2.1 of [7] generalizes to T,-spaces; the generalization is 
straightforward and we therefore omit the proof. 
4.4. THEOREM. Every fuzzy compact T,-space is weakly induced. 
The following two theorems follow easily from Theorem 4.4. See 
Section 2 of [7] for the details. 
4.5. THEOREM. If X is a fuzzy T,-space or a weakly induced space, then 
the following are equivalent: 
(i) The space X is ultra fuzzy compact. 
(ii) The space X is strongly fuzzy compact. 
(iii) The space X is fuzzy compact. 
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4.6. THEOREM (R. Lowen, [S] ). Euery fuzzy compact T,-space in which 
the constant fuzzy sets are fuzzy open is an induced space. 
Finally, using Theorems 3.2, 4.4, and 4.5 we get the following decisive 
coincidence theorem. 
4.7. THEOREM. A fuzzy space (X, F) has a T,-fuzzy compactifj:cation ly 
and only if (X, F) is a weakly induced ultra completely regular T,-space. 
Proof Let (X, F) be a weakly induced ultra completely regular T2- 
space. It is not difftcult to show that (X, F) must be ultra Hausdorff so that 
the topological space (X, z(F)) is Hausdorff. Let (BX, T) be a Hausdorff 
compactification of (X, l(F)) and (BX, F,) be the associated ultra fuzzy 
compactification. It is straightforward to show that (BX, FT) is a T,-space 
so that (BX, FT) is a T,-fuzzy compactitication of (X, F). 
To prove the converse, assume that (X, F) is a fuzzy space having a T,- 
fuzzy compactification, say (BX, H). By Theorem 3.2 there exists a 
topology T on BX such that (BX, T) is a compactitication of (X, z(F)) and 
such that H c F,, where F, is the full fuzzy topology on BX induced by the 
topology T. By Theorem 4.4 the space (BX, H) is weakly induced. But a 
weakly induced T,-space is necessarily ultra-Hausdorff so that (BX, H) is 
ultra-Hausdorff. This forces (BX, FT) to be ultra-Hausdorff, that is, 
(BX, T) is topologically Hausdorff and therefore, being compact, (BX, T) is 
completely regular. But subspaces of completely regular spaces are com- 
pletely regular so that the restriction of the topological space (BX, T) to 
the set X yields a completely regular space which is homeomorphic to 
(X, l(F)), and we have shown that (X, F) is ultra completely regular. 
We have seen above that (BX, H) is a weakly induced T,-space. Since 
(X, F) is a subspace of (BX, H), the space (X, F) is also a weakly induced 
T,-space, completing the proof. 
REFERENCES 
1. U. CERRIJTI, The Stone&ech compactilication in the category of fuzzy topological spaces, 
in “Proceedings, International Seminar on Fuzzy Set Theory, September, 1981, Linz, 
Austria.” 
2. R. LOWEN, Fuzzy topological spaces and fuzzy compactness, .I. Math. Anal. Appl. 56 
(1976), 621633. 
3. R. LOWEN, Initial and final topologies and the fuzzy Tychonoff theorem, J. Math. And. 58 
(1977), 11-21. 
4. R. LOWEN, A comparison of different compactness notions in fuzzy topological spaces, 
J. Math. Anal. Appl. 64 (1978). 446454. 
5. R. LOWN, Compact Hausdorff fuzzy topological spaces are topological, Topology Appl. 
12 (1981) 65-74. 
410 HAROLD W. MARTIN 
6. H. W. MARTIN, A Stone-Tech ultrafuzzy compactification, J. Muth. Anal. Appl. 73 (1980). 
453456. 
7. H. W. MARTIN, Weakly induced fuzzy topological spaces, J. Math. Anal. Appl. 78 (1980). 
634-639. 
8. H. W. MARTIN, All T,-compactifications for a fuzzy Tz-space, in ‘Conference on Fuzzy 
Sets and Fuzzy Topology, 1983” (edited by S. E. Rodabaugh), pp. 3@41. 
9. P. M. Pu AND LIU Y.-M. Fuzzy topology I: Neighborhood structure of a point and 
Moore-Smith convergence, J. Math. Anal. Appl. 76 (1980). 571-599. 
10. M. D. WEISS, Fixed points, separation, and induced topologies for fuzzy sets, J. Math. 
Anal. Appl. SO (1975) 1422150. 
